Abstract. Let Γ be a free abelian group of finite rank, let Γ be a sub-semigroup of Γ satisfying certain finiteness conditions, and let L = (α,a)∈Γ×Z 2 L (α,a) be a (Γ × Z2)-graded Lie superalgebra. In this paper, by applying formal differential operators and the Laplacian to the denominator identity of L, we derive a new recursive formula for the dimensions of homogeneous subspaces of L. When applied to generalized Kac-Moody superalgebras, our formula yields a generalization of Peterson's root multiplicity formula. We also obtain a Freudenthaltype weight multiplicity formula for highest weight modules over generalized Kac-Moody superalgebras.
§1. Introduction
We first recall the binomial expansion
This elementary product identity can be given a Lie-theoretic interpretation as follows: Let L = Cx 1 ⊕ · · · ⊕ Cx n be an n-dimensional abelian Lie algebra with a basis x 1 , · · · , x n . Since L is abelian, we have
Hence the binomial expansion (1.1) can be interpreted as the Euler-Poincaré principle for the abelian Lie algebra L. Next, consider the Jacobi triple product identity
which arises from the theory of modular forms and theta functions. In [8] , V. G. Kac discovered a character formula, called the Weyl-Kac formula, for irreducible highest weight modules over symmetrizable Kac-Moody algebras with dominant integral highest weights. When applied to the 1-dimensional trivial representation, the Weyl-Kac formula yields the denominator identity, and it was shown in [8] that the Macdonald identities ( [19] ) are equivalent to the denominator identities for affine Kac-Moody algebras. In particular, the denominator identity for the affine Kac-Moody algebra A (1) 1 is equal to the Jacobi triple product identity.
In [2] , R. E. Borcherds proved the product identity and showed that (1.3) is the denominator identity for the Monster Lie algebra. The Monster Lie algebra is a special case of generalized Kac-Moody algebras and it played a crucial role in Borcherds' proof of the Moonshine Conjecture ( [2] , [5] ). In this paper, we consider general product identities of the form for all α, β ∈ Γ, a, b ∈ Z 2 . Then the product identity (1.4) can be interpreted as the Euler-Poincaré principle for the Lie superalgebra L (see Section 2) . We call (1.4) the denominator identity for the (Γ × Z 2 )-graded Lie superalgebra L = (α,a)∈Γ×Z 2 L (α,a) .
In Section 3, by applying formal differential operators and the Laplacian to the denominator identity of L, we derive a new recursive formula for the dimensions of homogeneous subspaces of L (Theorem 3.3). As an immediate application, we recover some interesting recursive relations for the colored partitions p r (n) and the Ramanujan's tau-function τ (n) which can be found in [20] . We also obtain a set of recursive relations for the coefficients c(n) of the elliptic modular function j which can be used to prove the fact that the coefficients of j are completely determined by the first 3 coefficients c(1), c(2) and c(3) (cf. [17] ).
For Kac-Moody algebras, it is well-known that Peterson's root multiplicity formula determines the root multiplicities recursively ( [22] ). In Section 4, we show that when applied to generalized Kac-Moody superalgebras, our recursive dimension formula yields a generalization of Peterson's root multiplicity formula (Theorem 4.3 and Proposition 4.4). For this reason, we call our formula the Peterson-type dimension formula for graded Lie superalgebras. Moreover, by applying the same technique that was used in deriving our Peterson-type dimension formula, we also derive a Freudenthaltype recursive weight multiplicity formula for highest weight modules over generalized Kac-Moody superalgebras (Theorem 4.5).
In the final section, we illustrate how to apply our Peterson-type root multiplicity formula and Freudenthal-type weight multiplicity formula with the examples of rank 2 generalized Kac-Moody superalgebras and their irreducible highest weight modules. We also discuss the application of our Peterson-type root multiplicity formula to Monstrous Lie superalgebras. At the end of Section 5, we present some tables of root and weight multiplicities for these algebras and modules. We are also very grateful to Professors Myung-Hwan Kim and Ja-Kyung Koo for many helpful discussions. §2. Graded Lie superalgebras
We recall some basic facts about Lie superalgebras.
The homogeneous elements of L 0 (resp. L 1 ) are called even (resp. odd).
Let Γ be a countable (usually infinite) abelian semigroup such that every element α ∈ Γ can be written as a sum of elements in Γ in only finitely many ways.
where e (α,a) are the basis elements of the semigroup algebra C[Γ × Z 2 ] with the multiplication given by e (α,a) e (β,b) = e (α+β,a+b) .
On the other hand, we define the superdimension of the homogeneous subspace
We introduce another basis elements of
Note that ch L = sch L. The only difference is that, in the supercharacter, we allow the negative coefficients. Usually, they are the elements of
The main purpose of this paper is to find an efficient recursive formula for sdim L (α,a) (α ∈ Γ, a ∈ Z 2 ). In deriving our superdimension formula, the crucial role is played by the denominator identity for the Lie superalgebra L = (α,a)∈Γ×Z 2 L (α,a) . In the following, we briefly recall how to derive the denominator identity from the Euler-Poincaré principle for Lie superalgebra homology (see [8] and [20] for more details).
Let C be the trivial 1-dimensional L-module. The homology modules H k (L) = H k (L, C) are determined from the following standard complex:
for k ≥ 2, x i ∈ L0, y j ∈ L1 and d 1 = 0 (cf. [4] , [6] ). Since the spaces C k (L) and the homology modules H k (L) inherit the (Γ × Z 2 )-gradation from that of L, the supercharacters of C k (L) and H k (L) are well-defined. Hence by the Euler-Poincaré principle, we obtain
the alternating direct sum of superspaces. Then it is easy to see that
Therefore, we obtain the denominator identity for the (
We often deal with the Γ-grading on L defined by
and (2.2) yields the denominator identity for Γ-graded Lie superalgebra L = α∈Γ L α :
In the next section, we will derive Peterson-type recursive formulas for sdim L (α,a) and sdim L α (α ∈ Γ, a ∈ Z 2 ). The main idea is to differentiate both sides of the denominator identities (2.2) and (2.3). Let Γ be a free abelian group with finite rank and let Γ be a countable (usually infinite) semi-subgroup in Γ such that every element α ∈ Γ can be written as a sum of elements of Γ in only finitely many ways. Let Γ C = C⊗ Z Γ be the complexification of Γ. Choose a nondegenerate symmetric bilinear form ( | ) on Γ C and fix a pair of dual bases {u i } and {u i }. Define a partial ordering on Γ by λ ≥ µ if and only if λ − µ ∈ Γ or λ = µ. We will denote by λ > µ if λ ≥ µ and λ = µ.
Suppose that we have a product identity of the form
where ν(α, a), ζ(β, b) ∈ Z. First, we define the partial differential operators by
Fix an element ρ ∈ Γ C . We define the ρ-directional derivative by
and the Laplacian by
be the formal power series whose coefficients are given by 
Then the following differential equations hold :
Proof. First, note the following basic fact:
Using the formal power series log(
which yields the first equation. For the second one, observe the following differential equation
On the other hand, note that
and that
Combining the above identities, we have
By comparing the coefficients of both sides in Proposition 3.1, we obtain the following recursive relations between ν(α, a) and ζ(α, a) (α ∈ Γ, a ∈ Z 2 ).
As a direct consequence of (2.2) and (3.2), we obtain the main result of this paper: the Peterson-type recursive superdimension formulas for graded Lie superalgebras. 
superalgebra with finite dimensional homogeneous subspaces and define
Then we have
We return to the product identity (3.1). By setting ν(α) = ν(α, 0) + ν(α, 1), ζ(β) = ζ(β, 0) + ζ(β, 1), and E α = E (α,0) = E (α,1) , the product identity (3.1) gives rise to another product identity of the form
be the formal power series whose coefficients are given by and define the partial differential operators, the ρ-directional derivatives, and the Laplacian by
Then we can derive the Peterson-type recursive superdimension formulas for Γ-graded Lie superalgebras.
L α be a Γ-graded Lie superalgebra with finite dimensional homogeneous subspaces and set
Remark. We can determine the exponents ν(α, a) (resp. ν(α)) in the left-hand side of (3.1) (resp. (3.7)) recursively from the coefficients ζ(β, b) (resp. ζ(β)) in the right-hand side of (3.1) (resp. (3.7)), and vice versa. In other words, we can determine the superdimensions of homogeneous subspaces of graded Lie superalgebras recursively from the superdimensions of homogeneous subspaces of its homology modules, and vice versa.
Example 3.6. (a) Suppose that rank Γ = 1. Take Γ = Z, Γ = Z >0 , and consider the product identity of the form
where ν(n), ζ(n) ∈ Z and ζ(0) = 1. Let V = ∞ n=1 V n be a Z >0 -graded superspace with sdim V n = −ζ(n) for all n ∈ Z >0 , and let L = ∞ n=1 L n be the free Lie superalgebra generated by V . Then the identity (3.14) can be interpreted as the denominator identity for the free Lie superalgebra L and hence we have sdim L n = ν(n) (n ∈ Z >0 ) (see [13] ).
Take ρ = 1 and let ( | ) be the multiplication in C. Then by Theorem 3.4(b), we obtain the following recursive relations between ν(n) and ζ(n):
In particular, we obtain
(b) Let r be a positive integer and set ν(n) = −r for all n ∈ Z >0 . Then the product identity (3.14) yields the generating function for the r-colored partitions of positive integers:
Hence the relation (3.15) gives the following recursive formula for r-colored partitions:
where σ 1 (k) denotes the sum of all divisors of k.
(c) If we take ν(n) = 24 for all n ∈ Z >0 , the product identity (3.14) is the definition of Ramanujan's tau-function:
Then the relation (3.15) yields the following recursive formula for the values of τ (n):
Remark. The recursive formulas (3.16) and (3.17) can be derived from the equation (2.10) in [20] . Our method can be regarded as a generalization of Macdonald's method to several variables. 
be the free Lie superalgebra generated by V . Then the identity (3.18) can be interpreted as the denominator identity for the free Lie superalgebra L and hence we have sdim L (m,n) = ν(m, n) for all m, n ∈ Z >0 (see [13] ).
Let ρ = (1, 0) and let ( | ) denote the standard inner product on C 2 . Then by Theorem 3.4(b), we obtain the following recursive relations between ν(m, n) and ζ(m, n):
Equivalently, we have
It is worthwhile to note that the various choices of ρ and bilinear forms give many different relations. For example, if we take ρ = (0, 1), then we get
(b) Recall the elliptic modular function j defined by
In [2] , Borcherds proved the product identity
which is equivalent to
This is the denominator identity for the (negative part of) Monster Lie algebra which played a crucial role in Borcherds' proof of the Moonshine Conjecture ( [2] , [5] ).
By the relation (3.20), we obtain a recursive relation for the coefficients c(n) of the elliptic modular function j:
Applying the recursive relation (3.23) to the pairs (2, n) and (3, n), we have
where c(n) = 0 for non-integral values of n. On the other hand, by taking the pairs (2, 2n) and (4, n), we get Combining these relations, we obtain c(2n Remark. It is well-known that the coefficients c(n) are determined by the first 4 coefficients: c(1), c(2), c(3), and c(5) (see, for example, [2] ). In [17] , J.-K. Koo and Y.-T. Oh showed that c(5) can be expressed in terms of c(1), c(2), and c(3). Hence the first 3 coefficients completely determine the elliptic modular function j. We can derive the same result using the Peterson-type recursive formula. Actually our method can be generalized to show that the coefficients of certain class of Thompson series are completely determined by the first three coefficients (cf. [16] ). §4. Generalized Kac-Moody superalgebras
In this section, we apply our superdimension formulas to generalized Kac-Moody superalgebras to derive Peterson-type root multiplicity formula and Freudenthal-type weight multiplicity formula for generalized Kac-Moody superalgebras and their highest weight modules. We first recall some of the basic structure theory and representation theory of generalized Kac-Moody superalgebras.
Let I be a countable (possibly infinite) index set. A real square matrix A = (a ij ) i,j∈I is called a Borcherds-Cartan matrix if it satisfies: (i) a ii = 2 or a ii ≤ 0 for all i ∈ I, (ii) a ij ≤ 0 if i = j, and a ij ∈ Z if a ii = 2, (iii) a ij = 0 implies a ji = 0. We say that an index i is real if a ii = 2 and imaginary if a ii ≤ 0 and denote by I re = {i ∈ I| a ii = 2}, I im = {i ∈ I| a ii ≤ 0}. Let m = (m i ∈ N| i ∈ I) be a sequence of positive integers such that m i = 1 for all i ∈ I re . We call m the charge of A. In this paper, we assume that the Borcherds-Cartan matrix A is symmetrizable, i.e., there is a diagonal matrix D = diag(s i | i ∈ I) with s i > 0 (i ∈ I) such that DA is symmetric.
Let I odd be a subset of I and set I even = I \ I odd . We call i ∈ I an even index (resp. odd index) if i ∈ I even (resp. i ∈ I odd ). The Borcherds-Cartan matrix A is said to be colored by I odd if a ij ∈ 2Z ≤0 for all j ∈ I whenever i ∈ I re ∩ I odd .
Let h = ( i∈I Ch i ) ⊕ ( i∈I Cd i ) be a complex vector space with a basis {h i , d i | i ∈ I}, and for each i ∈ I define a linear functional α i ∈ h * by
The free abelian group Q = i∈I Zα i generated by α i 's (i ∈ I) is called the root lattice associated with A. Let Π = {α i | i ∈ I} and B be a basis of h * extending Π. Set B = B \ Π. Since A is assumed to be symmetrizable, there is a symmetric bilinear form ( | ) on h * defined by (α i |α j ) = s i a ij for i, j ∈ I,
(λ|µ) = 0 for λ, µ ∈ B .
We can also define a nondegenerate symmetric bilinear form on h by
for all h ∈ h, i, j ∈ I (cf. [7] , [11] ). Let Q + = i∈I Z ≥0 α i and Q − = −Q + . We define a group homomorphism deg :
An element α ∈ Q is said to be even (resp. odd) if deg α =0 (resp. deg α = 1). The 
The abelian subalgebra h = i∈I Ch i i∈I Cd i is called the Cartan subalgebra of g, and the linear functionals α i ∈ h * (i ∈ I) defined by (4.1) are called the simple roots of g. For each i ∈ I re , let r i ∈ GL(h * ) be the simple reflection on h * defined by
The subgroup W of GL(h * ) generated by the r i 's (i ∈ I re ) is called the Weyl group of g.
The generalized Kac-Moody superalgebra g = g(A, m, I odd ) has the root space decomposition g = α∈Q g α , where
If g α = 0, then α is called a root of g and g α is called the root space of g attached to α. We say that a root α is real if (α|α) > 0 and imaginary if (α|α) ≤ 0. A root α > 0 (resp. α < 0) is called positive (resp. negative). One can show that all the roots are either positive or negative. We denote by Φ, Φ + and Φ − the set of all roots, positive roots and negative roots, respectively. We also denote by Φ0 (resp. Φ1) the set of all even (resp. odd) roots of g. Define the subalgebras g ± = α∈Φ ± g α . Then we have the triangular decomposition :
For each α ∈ Q, we define the superdimension of g α to be
A g-module V is called h-diagonalizable if it admits a weight space decomposition V = µ∈h * V µ , where
If V µ = 0, then µ is called a weight of V and V µ is called the µ-weight space. We denote by P (V ) the set of all weights of V .
For λ, ν ∈ h * , we define λ ≥ µ if λ − µ ∈ Q + . We denote by O the category of h-diagonalizable g-modules with finite dimensional weight spaces such that there exist a finite number of linear functionals
An h-diagonalizable g-module V is called a highest weight module with highest weight λ ∈ h * if there is a nonzero vector v λ ∈ V such that (i) 
A g-module M (λ) with highest weight λ is called a Verma module if every g-module with highest weight λ is a quotient of M (λ). The Verma module M (λ) contains a unique maximal submodule J(λ). Therefore the quotient
Take a linear functional ρ ∈ h * satisfying ρ(h i ) = The elements of P + are called the dominant integral weights. For a dominant integral weight λ ∈ P + , let
For such an element β ∈ Φ + (λ), we denote |β| = i∈I im k i and
Then the supercharacters of the highest weight modules are given in the following proposition.
(b) For any λ ∈ P + , we have
In particular, if λ = 0, we obtain the denominator identity:
where ζ(β) = w∈W γ∈Φ + (0) β=w(ρ−γ)−ρ Let J be a finite subset of I re , and let
± = α∈Φ ± (J) g α . Then we have the triangular decomposition :
is the Kac-Moody superalgebra (with an extended Cartan subalgebra) associated with the generalized Cartan matrix A J = (a ij ) i,j∈J of charge m J = (m i |i ∈ J) colored by I odd J = I odd ∩ J. Let W J be the subgroup of W generated by the simple reflections r j with j ∈ J, and let W (J) = {w ∈ W |Φ w ⊂ Φ + (J)}, where Φ w = {α ∈ Φ + |w −1 α < 0}. Then W (J) is the set of right coset representatives of W J in W . In the following proposition, we recall the denominator identity for the Lie superalgebra g 
where V J (µ) is the irreducible highest weight module over g
with highest weight µ.
From now on, we will use the notation
where Then (4.5) can be also written as
The index set I is assumed to be finite so that we can be guaranteed the existence of dual bases for the nondegenerate bilinear form ( | ) on h * . Later, we will explain how we can deal with the case when I is infinite (see the remark after Theorem 4.8). Let
be the formal power series whose coefficients are given by
Then by Theorem 3.4, we obtain the following Peterson-type recursive root multiplicity formula for generalized Kac-Moody superalgebras.
with highest weight µ. Then for any µ ∈ h * , the following differential equations hold :
(b) For any µ ∈ h * and any γ ∈ Q − (J), we have
Take J = ∅ and let ρ ∈ h * be a Weyl vector of g. Then W (J) = W and by definition of Φ + (0) and W -invariance of ( | ), we have
Hence we get
which implies C * + 2∇ ρ (C) = 0. Therefore we obtain Peterson's root multiplicity formula extended to generalized Kac-Moody superalgebras.
Proposition 4.4. ([17])
For any γ ∈ Q − , we have
where
Remark. To calculate the root multiplicities recursively, we would like to make sure that (γ|γ + 2ρ) = 0. If γ ∈ W · (−2α i ) for some i ∈ I re ∩ I odd , it may occur that (γ|γ + 2ρ) = 0, but we already know that sdim g γ = 1. If γ / ∈ W ·(−2α i ), then one can show that (γ|γ + 2ρ) ≤ 0 and that the equality holds if and only if γ = −α i for some i ∈ I. That is, if γ is not a simple root and γ / ∈ W · (−2α i ) for all i ∈ I re ∩ I odd , then we have (γ|γ + 2ρ) < 0. For the other extreme, take J = I re . Then W (J) = {1} and we get
which is independent of the Weyl group W . For example, if a ij = 0 for all i, j ∈ I im , then every element β ∈ Φ + (0) has the form β = 0 or β = α i (i ∈ I im ). Hence we get
Therefore, if the weight multiplicities of irreducible highest weight g
0 -modules are explicitly known, then the Peterson-type root multiplicity formula (4.6) gives a very efficient recursive formula for the root multiplicities of g.
Finally, by the same technique that was used in deriving our Petersontype root multiplicity formula, we can derive a Freundenthal-type weight multiplicity formula for highest weight modules over generalized Kac-Moody superalgebras.
Theorem 4.5. Let V be a highest weight module over a generalized Kac-Moody superalgebra with highest weight Λ ∈ h * . Then, for any λ ≤ Λ, we have
For convenience, set
Then by Proposition 4.1 (a), we have AB = D. Applying the Laplacian and the ρ-directional derivative yields
On the other hand, since |λ + ρ| 2 = |Λ + ρ| 2 , we get
Recall that (∆ + 2∇ ρ )(B) = 0. Hence by combining these equations, we conclude
By comparing the coefficients of E λ , we obtain the desired result.
Remark.
(a) By taking a look at the formula (4.8), a natural question arises: what would happen if |λ + ρ| 2 = |Λ + ρ| 2 ? If Λ ∈ P + , we can prove that |λ + ρ| 2 ≤ |Λ + ρ| 2 for all weights λ ≤ Λ and that the equality holds if and only if λ = Λ.
(b) In [17] , the Freudenthal-type weight multiplicity formula was derived for generalized Kac-Moody superalgebras using the Casimir operator.
(c) Our results in this section also hold when I is infinite. If β = k j α j ∈ Q − , let J = {j ∈ I|k j = 0} and we can apply our theorems to the generalized Kac-Moody superalgebra g(A J , m J , I odd J ) which corresponds to the finite index set J. In this section, we illustrate how to apply our Peterson-type root multiplicity formula with the examples of rank 2 generalized Kac-Moody superalgebras and Monstrous Lie superalgebras. We also give an example of computing the weight multiplicities for irreducible highest weight modules over rank 2 generalized Kac-Moody superalgebras. At the end of this section, we present some tables of root and weight multiplicities for these algebras and modules.
Example 5.1. Let A = (a) be a rank 1 Borcherds-Cartan matrix of charge m = (r) with I odd = I, and let g = g(A, m, I odd ) be the associated generalized Kac-Moody superalgebra. Here, we have a = 2, a = 0, or a < 0, and r ∈ Z >0 . We denote by α the only simple root of g. If a = 2, then g is the 5-dimensional ortho-symplectic Lie superalgebra osp(1, 2) and we have
If a = 0, then g is the Heisenberg Lie superalgebra sl(1, 2r) and we have
If a < 0, then the simple root α is odd and imaginary with multiplicity r ≥ 1. We identify the root lattice with Z by setting α = 1 and choose µ = 1 a so that (µ|1) = 1. For n > 1, the formula (4.6) yields
Since ζ(−1) = r and ζ(−n) = 0 for n ≥ 2, we get nC(−n) = −r(n − 1)C(−n + 1), which gives − ) = V J (−kα 1 ) ⊕r , and hence we have
Therefore we obtain
where C(m, n) are determined recursively by
if m > na, n ≥ 2, 0 otherwise.
We present the root multiplicity tables for these generalized Kac-Moody superalgebras in Table 5 .1 − Table 5 .5.
Example 5.3. Let g be the rank 2 generalized Kac-Moody superalgebra considered in Example 5.2 and let V (Λ) be the irreducible highest weight g-module with highest weight Λ, where Λ is defined by Λ(h i ) = λ i (i = 0, 1). Set
Then by the Freudenthal-type weight multiplicity formula (4.8), we obtain
and C(k, l) are determined by the recursive formulas in Example 5.2. In Table 5 .6 − Table 5 .8, we present the weight multiplicity tables for these modules over rank 2 generalized Kac-Moody superalgebra g.
Example 5.4. Let I = {−1} ∪ {1, 2, 3, · · ·} be the index set and let A = (−(i + j)) i,j∈I be the Borcherds-Cartan matrix of the Monster Lie algebra ( [2] ). Consider a normalized q-series F (q) = ∞ n=−1 f (n)q n such that f (−1) = 1, f (0) = 0, and f (n) ∈ Z for all n ≥ 1. We define the charge of the matrix A to be m = (|f (i)| : i ∈ I) and set I even = {i ∈ I| f (i) > 0}, I odd = {i ∈ I| f (i) < 0}. (We neglect those i's for which f (i) = 0.) Then the generalized Kac-Moody superalgebra g = g(A, m, I odd ) is called the Monstrous Lie superalgebra associated with the normalized q-series F (q) = ∞ n=−1 f (n)q n ( [13] ).
We identify the simple roots α i (i ∈ I) with (1, i) ∈ Z × Z and define a nondegenerate symmetric bilinear form on Z × Z by ((k, l)|(m, n)) = −(lm + kn). Set ρ = (1, 0) so that we have (ρ|α i ) = −i = 
